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MOMENT SYSTEMS & MOMENT CLOSURES

Moment systems are generically given as infinite-di- Through applying the closure relation, the original
mensional systems of the form systemis rendered the closed, finite-dimensional sys-
tem

X1 = f1 (X1,X2, ...XN,XH+1,...)

. X1 = f1(Xq, Xo, ... Xi, H(Xq, X0, ... X

Xo = F(X1, X2, oo Xiss Xt ---) '1 106 X, Yoo HOG X, . X))
Xo = fo(X1, X, ... X, H(Xq, X2, ... X))

. ) X = fi(Xq, X2, <o Xio, H(X1, X2, ... Xi))
A (moment) closure relation for some x € N is a map-

ping H such that

H(x1, X2, .. Xis) = (X1 s Xiga2s +-1)-



MOMENT SYSTEMS IN NETWORK DYNAMICAL SYSTEMS

Network dynamical systems frequently admit a ,

mean-field description of network moments. . ‘_‘

These correspond to the expected number of certain

motifs. [o] [o0’] [oo’a"]
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Assuming binary-state dynamics, up to order 2, these mean-field moment systems are generically given as

[01] = fig1(lo1]. [02], [o101], [0102], [0202], .., A)
[02] = iy (lo1] [02], [o104], [0102], [0202], .., A)
[o101] = fio, o1 ([01], [02), [0101], 01 02], [0202], .., A)
[0102] = o, o1 ([01], [02], [0101], [0 02, [0202], ..., A)

[0202] = fioyop([1]. [02], [o101], [o102]), [0202], ..., A)



THE SIS EPIDEMIC MODEL

The SIS epidemic is model for the spreading of a contagion without immunity.
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MOMENT CLOSURES PRESERVING THE BIFURCATION IN THE SIS EPIDEMIC MODEL

We consider the system

[i1=p[SN -
[SI] =[] — [SI] + p(ISSI] — [ISI] — [S1])
[1] = —2[11] + 2p([I1S1] + [S1])

subject to [S]+[I] = N and [SS]+2[SI]+
[y =2m
and assume a closure relation H such that

([SS1, [1s]) = H([1], [S1], [1).



MOMENT CLOSURES PRESERVING THE BIFURCATION IN THE SIS EPIDEMIC MODEL

Theorem

Assume that H is rational and that H([I], [S], [Il]) = O whenever

[SI] = 0. Then H can be factorised so that H([l], [SI], [ll]) =

[SI] A1, [SI], [I1]). Moreover, suppose that H is at least twice

[l = p[SI] — 1 continuous~/y differentiable in a neighbourhood around 0 and
that pi = HISS(0) > 0. Then, if

We consider the system

[S =[] - [SI] + p([SSI] - [ISI] — [S])
[i1] = —2[11] + 2p([IS1] + [SI]) o H1SSD(0) + HISS (0) g1, A5 (0)

+ (1 + HUSD(0)) 8y, H1SS0(0) # 0,
;llj]bie;:;\;o Elll= eneliEReEl the closed systems exhibits a transcritical bifurcation at p = p.

In particular, provided that 2H(S80)(0) + HUSD(0) + 1 > 0, the

and assume a closure relation H such that ) o . - )
bifurcation is supercritical (subcritical) if

([SSI]. [1S1]) = H([h, (S, (). By 1SS (0) + FISS) (0) ey HISSD (0)
>)
<

+ (1 + HUSD (0)) gy A1V (0) ‘< 0.

Proof: Application of the Crandall-Rabinowitz Theorem. O



EXAMPLES & VALIDATION OF EXISTING CLOSURES

2) [SXS1)
In case of the most frequently used closure DSl === 10!
z
~
_ o [XSIS] S o
[XSl]=¢ o z 100 X
§odod . ... :
one obtains a transcritical bifurcation at p. = 2( that is su- S 10~
I —
percritical if ¢® > ¢ = $(1 — 2%;) and subcritical otherW|se P
Infection rate p



EXAMPLES & VALIDATION OF EXISTING CLOSURES

2 (851
In case of the most frequently used closure Bl = 6 i
z
XS][SI = ~
XSl = C(Z)w, = w0 =
[S] 3 %
8 09 7o irrr>7
one obtains a transcritical bifurcation at p. = 2( that is su- S 10!
I —
percritical if ¢@ > ¢@ $(1 — 2%;) and subcritical otherW|se P

Infection rate p

A similar result can be obtained for the closure (¢ # 1)
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EXAMPLES & VALIDATION OF EXISTING CLOSURES

2 998
In case of the most frequently used closure Bl = 6
=
[XS][SI] =
[Xsl] = ¢® ===, =
[S] G
8o
one obtains a transcritical bifurcation at p. = 2( that is su- B
R —
percritical if ¢@ > ¢@ $(1 — 2%;) and subcritical otherW|se P
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A similar result can be obtained for the closure (¢ # 1)
[XS][SI] 1) [SI0EX1
[XSl]s = ¢®@ 1—¢(1-¢cN .
[S] ([SSII + [SIMIXIS + 6
[X81] = £[X][sl] [xsn=o0 [XSI] = £(IX] + (SN
Other closures such as [XSI] = ¢[X][SI], [XSI] = 0, or / ‘\\
[XSI] = &([X] + [I))[S]] yield as transcritical bifurcation, no 0 Lo ‘,/7_/_

bifurcation, or a different bifurcation. T : T



CONCLUSIONS

— An alternative approach to find moment closures is to focus on qualitative features that
are to be preserved locally first.

— We demonstrated this in the context of a paradigmatic network dynamical systems and
derived rigorous conditions on a moment closure to produe the expected bifurcation.

— This classification of “good” moment closures in a principled way provides rigorous and
quantitative evidence for the validity of existing moment closures.

Future work

— Instead of only a single qualitative feature, we may combine several and this way further
constrain “good” moment closures.
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